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The modern understanding of topological insulators is based on Wannier obstructions in position
space. Motivated by this insight, we study topological superconductors from a position-space per-
spective. For a one-dimensional superconductor, we show that the wave function of an individual
Cooper pair decays exponentially with separation in the trivial phase and polynomially in the topo-
logical phase. This behavior is in accordance with the fact that, unlike insulators, superconductors
can support strong topological phases in one dimension. For the position-space Majorana repre-
sentation, we show that the topological phase is characterized by a nonzero Majorana polarization,
which captures an irremovable and quantized separation of Majorana Wannier centers from the
atomic positions. We interpret the two-dimensional p-wave superconductor in terms of a Thouless
pump of this Majorana polarization. Our work establishes a vantage point for the generalization of
the framework of Topological Quantum Chemistry to superconductivity.
Topological phases of matter currently represent one
of the main driving forces in condensed matter physics.
In their simplest and at the same time most experimen-
tally relevant realization, topological insulators1–5 (TIs)
have garnered widespread attention owing to their pro-
tected surface states. Due to the bulk-boundary corre-
spondence, these states can be predicted from the bulk
electronic structure alone using topological invariants.
All topological invariants discovered so far for transla-
tionally invariant, non-interacting systems can then be
phrased in terms of the global properties of Bloch eigen-
states in momentum space6–17.
A modern approach to TIs is to characterize them in
terms of their position-space structure18–27. This point
of view is informed by the fundamental insight that, if
TIs are distinguished from trivial insulators by global
properties in momentum space, then Heisenbergs uncer-
tainty principle suggests to study their local properties
in position space. Within the framework of Topological
Quantum Chemistry21, such a position-space approach
has led to a classification and materials prediction pro-
gram for TIs. In this approach, topology is defined in
terms of an obstruction to finding a gauge in which the
Fourier transforms of Bloch eigenstates, called Wannier
functions, are exponentially localized and preserve all of
the symmetries of the system.
A second large class of topological phases of matter
can be found in superconductors, whose ground states
are a condensate of pairs of electrons. Topological super-
conductors (TSCs) have a gapped bulk spectrum and ex-
otic edge excitations that are their own anti-particles (so
called Majorana modes)28–30. TSCs provide a candidate
hardware platform for fault-tolerant quantum computa-
tion31. Recently, symmetry indicator invariants have
been introduced for a momentum space based characteri-
zation of TSCs32–36. In contrast to TIs, there is, however,
as of yet no unifying physical picture of the position-space
structure of TSCs.
In this letter, we present such a position-space pic-
ture of TSCs for the case without time-reversal sym-
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FIG. 1. Position-space picture of insulators and supercon-
ductors in 1D lattices, with atomic sites indicated by verti-
cal lines. a The ground state of an insulator as a product
over Wannier states. All 1D electronic band structures (ab-
sent symmetries) can be realized by exponentially localized
Wannier functions. b The fixed-particle number component
of the superconducting ground state as a product of Cooper
pair states with wavefunctions decaying exponentially in the
trivial phase and polynomially in the topological phase. c The
ground state as a product over Majorana Wannier functions
with quantized Majorana charge. In the trivial phase, these
can be paired up to give back the original electrons and holes
localized at the atomic sites. In the topological phase, Majo-
ranas from different atomic sites are paired up, leaving behind
unpaired Majorana zero modes at the boundaries.
metry (class D in the Altland-Zirnbauer classification).
The mean-field description of superconductors is formally
equivalent to the band theory of non-interacting elec-
trons. However, the ground state of a superconductor
involves pairing of electrons and is therefore qualitatively
different from the Slater-determinant ground state of an
insulator. This fact leads to striking differences between
TSCs and TIs. In particular, we show that topology
in superconductors can be phrased in terms of an ob-
struction to finding a gauge in which electron pairs are
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2tightly (exponentially) bound. While such an obstruc-
tion was discussed for a model of a two-dimensional (2D)
p-wave superconductor28,37, we generalize it to arbitrary
systems in arbitrary dimension. Furthermore, express-
ing the ground state in a basis of Majorana fermions,
we find that the total spectral weight on the two Majo-
rana degrees of freedom corresponding to each electron
is split evenly, allowing us to introduce the concept of
a quantized Majorana polarization. We exemplify these
concepts in a simple one-dimensional (1D) single-band
model. Generalizations to the multi-band case and higher
dimensions are possible38. Our results are partially sum-
marized in Fig. 1.
1D p-wave superconductor in particle-hole basis— We
consider a 1D p-wave TSC, which could be realized by a
nanowire with a single conduction band that is brought
in proximity with an s-wave (trivial) superconductor39,40.
Within mean-field theory, the nanowire is described by
the Hamiltonian
H =
∑
k
Ψ†kHkΨk, (1)
where we have introduced the Nambu spinor Ψk =
(ck, c
†
−k)/
√
2 and the Bogoliubov-de-Gennes (BdG)
Hamiltonian
Hk =
(
k ∆k
∆¯k −−k
)
, (2)
with µ the chemical potential and ∆k = −∆−k due
to Fermi statistics (the bar denotes complex conjuga-
tion). The operator c†k creates an electron at momentum
k ∈ {1, . . . , N}2pi/N , and N is the number of sites (pe-
riodic boundary conditions are assumed). For |µ| < 2|t|,
Eq. (19) is in the topological phase, which hosts a sin-
gle Majorana zero mode at each end of the nanowire,
while for |µ| > 2|t| the system is in the trivial phase.
We refer to the convention in Eq. (2) as the particle-hole
basis. In contrast to insulators, the mean-field descrip-
tion of superconductors allows for the additional freedom
of choosing a basis in Nambu space; this freedom is im-
portant for our position-space interpretation. We can
diagonalize this Hamiltonian by introducing Bogoliubov
quasiparticle operators
(
αk
α†−k
)
=
(
uk −vk
−v¯−k u¯−k
)(
ck
c†−k
)
≡ Dk
(
ck
c†−k
)
, (3)
where the matrix Dk is unitary, with
uku¯k + vkv¯k = uku¯k + v−kv¯−k = 1,
ukv−k + vku−k = u¯kvk + v−ku¯−k = 0.
(4)
For |µ| 6= 2|t| the spectrum is gapped and H has the
ground state
|Ω〉 = 1N exp
(∑
k
vk
uk
c†kc
†
−k
)
|0〉 ,
=
1
N exp
(∑
xy
gxyc
†
xc
†
y
)
|0〉 ,
gxy =
1
N
∑
k
eik(x−y)
vk
uk
,
(5)
where |0〉 is the fermionic vacuum, (−v−k, u−k) is the
negative-energy eigenvector of the BdG Hamiltonian Hk,
and N is a normalization factor. In the second line, we
introduced the Fourier-transformed operators
c†r =
1
N
∑
k
e−ikrc†k, r = 1 . . . N, (6)
that create a particle at site r of the nanowire. We em-
phasize that the possibility of representating the ground
state in the form of Eq. (31), reminiscent of a coherent
state of Cooper pairs c†kc
†
−k, singles out the particle-hole
basis, since it crucially relies on the anticommutation re-
lations {cp, c†q} = δpq, {cp, cq} = {c†p, c†q} = 0 of electronic
creation and annihilation operators. Furthermore, ex-
tracting from Eq. (31) the contribution to the N -particle
state |ΩN 〉, we obtain the amplitudes
〈r1 . . . rN |ΩN 〉 ∝ A
[
gr1r2gr3r4 . . . grN−1rN
]
, (7)
where A[·] denotes an antisymmetrization over all po-
sitions r1 . . . rN . Invoking the Paley-Wiener theorem al-
lows to determine the large-separation dependence of gxy
on general grounds. In fact, gxy will fall off exponentially
as |x− y| → ∞ if the momentum space function vk/uk is
analytic41. On the other hand, if vk/uk diverges at some
k, gxy will at most fall off polynomially with separation.
We now relate the analytical properties of vk/uk to
the topological characterization of the superconducting
phase. We assume no further symmetries other than
particle-hole symmetry (PHS), which is intrinsic to all
superconductors in the mean-field description, and in the
particle-hole basis reads
PHkP † = −H−k, P =
(
0 1
1 0
)
K . (8)
PHS quantizes the Berry phase topological invariant
γ = i
∫
dk (u¯k∂kuk + v¯k∂kvk) mod 2pi
=
i
2
∫
dkTr
[
D†k∂kDk
]
mod 2pi
=
∫ pi
0
dk ∂kλk mod 2pi = (λpi − λ0) mod 2pi,
(9)
where we wrote detDk = e
−iλk and used that PHS im-
plies λ−k = −λk mod 2pi, and hence, λ0, λpi = 0, pi. For
3γ to assume values 0, pi, we take the BdG functions uk
and vk to be periodic functions in momentum space. This
property, together with Eq. (6), corresponds to a conven-
tion where all atomic orbitals are located at the origin of
the unit cell in position space. The physical atomic posi-
tions are irrelevant for the salient features of our analysis,
as we do not consider crystalline symmetries. Our results
can be straightforwardly generalized to arbitrary atomic
positions38.
Now, if γ = 0, we can adiabatically deform the system
to one in which only uk is nonzero and constant. Its in-
verse is then always well defined, and the ground state in
position space, as expressed via gxy, is a coherent super-
position of exponentially-closely bound Cooper pairs. We
next show that if γ = pi, there are necessarily divergences
in vk/uk, leading to a polynomial decay of gxy. The proof
proceeds by contradiction. Without loss of generality, we
take γ = pi to be realized by λ0 = 0, λpi = pi, implying
detD0 = 1 and detDpi = −1. Let us assume that uk is
nonzero throughout momentum space. It therefore has a
well-defined inverse, and we may reexpress detDk as
detDk = uku¯−k
(
uku¯−k − vkv¯−k
uku¯−k
)
= uku¯−k
(
1− vkv¯−k
uku¯−k
)
=
uk
u−k
= 1 atk = 0, pi,
(10)
where we used the constraints in Eq. (4). This result
is, however, in contradiction to our earlier assertion that
detDpi = −1. We conclude that either u0 or upi are zero
in systems with γ = pi. This result carries over to an
arbitrary number of bands38.
Thus, just as for the two-dimensional p-wave supercon-
ductor28,37, the long-distance behavior of the Cooper pair
wavefunction is indicative of the topological character of
the phase: In the trivial phase, there is strong pairing and
the wavefunction decays exponentially with separation,
while in the topological case, there is weak pairing and
the wavefunction decays only polynomially. This pairing
obstruction is in close correspondence to the position-
space picture of insulating topological phases, where sym-
metric and maximally localized electronic Wannier func-
tions decay exponentially in trivial insulators and poly-
nomially in TIs21,42,43. In contrast to insulators, the
particle-hole symmetry inherent to superconductivity al-
lows for topological phases already in one dimension.
1D p-wave superconductor in Majorana basis— We
introduce the Majorana modes ak = ck + c
†
−k, bk =
(ck − c†−k)/i, and the Majorana BdG Bloch functions
vMk = (vk − uk)/
√
2 and uMk = i(vk + uk)/
√
2. Let ar, br
be the Fourier transforms of the Majorana modes [using
the same convention as in Eq. (6)]. We can then reex-
press the ground state in Eq. (31) in terms of Majorana
……
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Majorana pair
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FIG. 2. Comparison of 1D topological insulators and super-
conductors. a In the Su-Schrieffer-Heeger (SSH) model44,
spatial inversion symmetry is required to pin electrons to the
unit cell edges, leading to midgap states in an open geome-
try. However, it is possible to choose an inversion-symmetric
enlarged unit cell that has no end states. b In the Kitaev
chain31, Majorana modes are paired across unit cells, leaving
behind unpaired Majorana zero modes in an open geometry.
Since unit cells may not cut through atomic sites, any en-
larged unit cell shows the same topological behavior.
Wannier functions WMRα(r), α = a, b, which we define by
|Ω〉 = 1N
∏
R
(∑
r
WMRa(r)ar +W
M
Rb(r)br
)
|0〉 ,(
WMRa(r)
WMRb(r)
)
=
1
N
∑
k
e−ik(R−r)
(−vMk
uMk
)
.
(11)
As for any 1D system45, the Wannier functions WMRα(r)
can be exponentially localized. In the unit cell, they are
centered around the position
xo =
∑
r,α
W
M
0α(r)rW
M
0α(r) mod 1. (12)
(The subscript o stands for the occupied subspace
spanned by the Majorana Wannier functions, corre-
sponding to the negative-energy eigenspace of the BdG
Hamiltonian.) Particle-hole symmetry implies that xo =
xe, where xe denotes the center of Wannier functions
built from the empty Majorana bands. At the same time,
the Wannier centers for all bands (which form a complete
basis for the Hilbert space) are always exponentially lo-
calized on the lattice sites. We therefore have xo + xe
mod 1 = 0. We conclude that xo = 0, 1/2 is quantized
and provides a topological invariant characterizing the
many-body ground state. In fact, we know from the gen-
eral theory of maximally localized Wannier functions45
that xo = γ/2pi = 0, 1/2, where γ is defined similar to
Eq. (9):
γ = i
∫
dk
(
u¯Mk ∂ku
M
k + v¯
M
k ∂kv
M
k
)
mod 2pi (13)
(the two definitions are equivalent). Therefore, the Wan-
nier states in Eq. (11) can be adiabatically continued
4back to the original Majorana basis states at position
R created by aR and bR if and only if the Berry phase
vanishes: These basis states have Wannier functions
WMRα(r) = δR,rδα,1 or W
M
Rα(r) = δR,rδα,2, both of which
correspond to xo = 0. This property implies a Majorana
pairing obstruction: It is impossible to adiabatically con-
nect the topological superconducting ground state to a
collection of physical (i.e., deriving from the atomic posi-
tions) electrons or holes. On the other hand, in a trivial
superconductor it is possible to turn off superconductiv-
ity without closing the particle-hole excitation gap.
We next show that the Majorana representation is set
apart from other basis decompositions of Eq. (19) in that
it allows for a meaningful generalization of polarization
to superconductors. Taking the trace of the Majorana
version of the constraint in Eq. (4), we find that
∑
k
v¯Mk v
M
k =
N
2
=
∑
k
u¯M−ku
M
−k,
∑
r
W
M
0α(r)W
M
0α(r) =
1
N
∑
k
(
v¯Mk v
M
k
u¯Mk u
M
k
)
α
=
1
2
.
(14)
This implies that the total spectral weight carried by
Majoranas of a or b type is always equal, a property that
is not realized in other bases: In the particle-hole basis,
for example, the total spectral weight carried by holes is
zero in the case of a band insulator. The total Wannier
function support within a unit cell therefore splits into
equal contributions of Majoranas of a and b type. This
result carries over to an arbitrary number of bands38.
We therefore introduce a quantized Majorana charge,
nominally equal to 1/2, and a corresponding Majorana
polarization that is computed via Eq. (12), or alterna-
tively via the Berry phase in Eq. (13). Figure 2 shows
how Majorana polarization, unlike electronic polariza-
tion, survives translational symmetry breaking. We can
now draw a direct connection to the anomalous end states
of a 1D superconductor in the topological regime, where
the nonzero Majorana polarization of 1/2 results in a
single Majorana mode localized at the end of an open
geometry. Due to particle-hole symmetry, this mode is
necessarily a zero-energy state.
2D chiral superconductor and generalization to higher
dimensions— The two-dimensional p-wave superconduc-
tor28,37 can be obtained from a Thouless pump of bulk
Majorana fermions. Such a superconductor is character-
ized by a nonzero Chern number of the occupied BdG
eigenstates. We interpret this Chern number as a flow of
the Majorana separation from the atomic sites, Eq. (12),
with a transversal momentum coordinate. Consider a
two-dimensional BdG Hamiltonian Hk. Particle-hole
symmetry implies PHkP † = −H−k, with P defined in
Eq. (22). Writing k = (kx, ky), there are two special
values of ky = 0, pi, at which H(kx,ky=0,pi) ≡ H0,pikx can
be interpreted as the BdG Hamiltonian of a 1D super-
conductor. In the Majorana basis, we introduce hybrid
Wannier functions that are indexed by ky, affording a
dimension gxy decay W
M
Rα(r) decay phase label
1D exponential exponential trivial
polynomial exponential p-wave TSC
2D exponential exponential trivial
polynomial polynomial chiral TSC
polynomial exponential 2nd order TSC
3D exponential exponential trivial
polynomial polynomial 2nd order TSC
polynomial exponential 3rd order TSC
TABLE I. Overview of topological superconductors without
time-reversal symmetry. The 1D p-wave TSC hosts zero-
dimensional Majorana end states. The 2D chiral TSC can
be obtained from it via a Thouless pump, which naturally
explains why its Wannier functions cannot be exponentially
localized. Another possibility in 2D is the 2nd order TSC with
Majorana corner states. In 3D, the only Wannier obstructed
superconductor absent time-reversal symmetry is the 2nd or-
der TSC with 1D Majorana hinge states similar to the edge
states of the 2D p-wave TSC.
ky-dependent Majorana polarization
xkyo =
∑
r,α
W
M
0α(ky, rx)rxW
M
0α(ky, rx) mod 1. (15)
We note again that we are working in a convention where
the atomic positions are all at ri = (0, 0). Crucially,
due to the action of particle-hole symmetry, the related
Berry phase is only quantized for ky = 0, pi, namely
x0,pio = γ
0,pi/2pi = 0, 1/2, where γky is evaluated along
1D momentum space slices of constant ky. The Berry
phase winding as a function of ky is related to the Chern
number
C =
1
2pi
∫
dky ∂kyγ
ky =
∫
dky ∂kyx
ky
o . (16)
We conclude that in a 2D px + ipy superconductor with
C = 1, the Majorana polarization x
ky
o continuously
evolves from 0 to 1 ≡ 0 as ky undergoes a noncon-
tractible cycle. Importantly, this implies that it is im-
possible to exponentially localize the Majorana Wannier
functions WM0α(ky, rx) also in the y-direction, as they are
not smooth functions of ky.
We therefore find that a topological 2D p-wave su-
perconductor admits neither an exponentially decaying
Cooper pair function gxy, nor exponentially decaying
Majorana Wannier functions WMRα(r). A natural ques-
tion is then if there exists a 2D superconductor with a
polynomially decaying Cooper pair function but expo-
nentially decaying Majorana Wannier functions. This
“Majorana obstructed atomic limit” phase is naturally
realized by the recently discovered higher-order TSCs,
which feature Majorana zero modes localized at the
corners of samples terminated in both x and y direc-
tions10,13,46,47. Our results imply that these phases are
“stronger” than their insulating counterparts, in that
5they cannot be trivialized by the introduction of un-
charged ancillas48. Table I provides an overview of how
the different topologically superconducting phases are
captured by our position-space picture, and extends it
to three-dimensional (3D) phases.
Discussion— The mean-field BdG description of super-
conductors is uncannily similar to the Bloch description
of non-interacting electrons. This has led to a remark-
able amount of concept transfer and cross-fertilization
between the descriptions of topological superconductors
and insulators. However, it is often not clear what be-
comes of the physical interpretation of the mathemati-
cal quantities involved. An example is the Berry phase,
which captures the electric polarization of an insulator,
something that is evidently not well defined for super-
conductors. Employing a position-space picture phrased
in terms of Cooper pairs and Majorana excitations, our
work gives physical meaning to the Berry phase in the
superconducting context via the notion of pairing ob-
struction and Majorana polarization. A natural next step
is the inclusion of time-reversal and crystalline symme-
tries into our framework, which will allow for a system-
atic treatment of topological crystalline superconductors,
and enable a position-space based classification via their
Cooper pair and Majorana Wannier functions akin to
that of Topological Quantum Chemistry. Another area
of potential future work is to use our formalism to un-
derstand the peculiarities of number-conserving models
of topological superconductors49–51.
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1Supplementary Material:
Pairing Obstructions in Topological
Superconductors
I. FORMALISM
We here introduce in detail the mean-field formalism
of multi-band superconductivity in D spatial dimensions.
A. Particle-hole basis
A translationally invariant superconducting electronic
system with M bands is described by a mean-field Hamil-
tonian of the form
H =
∑
kij
[
hkijc
†
kickj +
1
2
(
∆kijc
†
kic
†
−kj + ∆
†
kijc−kickj
)]
,
(17)
where kn ∈ {1, . . . , N}2pi/N , n = 1 . . . D, denotes
the set of good momentum quantum numbers of a D-
dimensional system of linear extent N (we assume a hy-
percubic lattice for simplicity), and i, j = 1 . . .M run
over the degrees of freedom within each unit cell. The
operator cki annihilates an electron of momentum k in
orbital i and we have the algebra
{cki, c†qj} = δk,qδi,j ,
{cki, cqj} = {c†ki, c†qj} = 0,
(18)
where {·, ·} denotes the anticommutator. We can rewrite
the Hamiltonian in BdG form, obtaining
H =
∑
kij
Ψ†kiHkijΨkj , (19)
where we have used matrix notation and introduced
Ψki =
1√
2
(
cki
c†−ki
)
,
Hkij =
(
hkij ∆kij
∆†kij −hT−kij
)
.
(20)
The fermionic statistics of the Cooper pairs implies
∆kij = −∆−kji. (21)
The particle-hole symmetry P reads
P =
(
0 1
1 0
)
K , PHP † = H, (22)
which imposes the constraint PHkP † = −H−k. We may
now diagonalize Hkij and write∑
j
Hkij
(
u¯kξj
−v¯kξj
)
= Ekξ
(
u¯kξi
−v¯kξi
)
,
P−→
∑
j
Hkij
(
−v−kξj
u−kξj
)
= −E−kξ
(
−v−kξi
u−kξi
)
,
(23)
where a bar denotes complex conjugation, ξ = 1 . . .M la-
bels the eigenstates that are not related to each other by
particle-hole symmetry, and we chose Ekξ > 0. Eq. (23)
is the complex conjugate of the BdG equation in Ref. 28.
Here and in the following, we take the BdG functions
ukξj and vkξj to be periodic functions in the Brillouin
zone. This corresponds to a convention where all atomic
orbitals are located at the origin of the unit cell in real
space. Importantly, the actual atomic positions are irrel-
evant for the salient features of our analysis, as we do not
consider crystalline symmetries in this work. In Sec. IV,
we nevertheless generalize our results to arbitrary atomic
positions in order to make contact with the existing lit-
erature on crystalline topological insulators.
A spectral decomposition of Hkij yields
H =
∑
kξ
Ekξα
†
kξαkξ,
αkξ =
∑
i
[
ukξicki − vkξic†−ki
]
.
(24)
Choosing the eigenvectors of Hkij to be orthonormal im-
plies that
{αkξ, α†qζ} = δk,qδξ,ζ ,
{αkξ, αqζ} = {α†kξ, α†qζ} = 0.
(25)
This ensures that we can write the superconducting
ground state |Ω〉 of H, which satisfies αkξ |Ω〉 = 0, as
|Ω〉 ∝
∏
k,ξ
αkξ |0〉 , (26)
where the electronic vacuum |0〉 is defined by cki |0〉 = 0.
We note that the eigenstate decomposition in Eq. (24)
can be rewritten in matrix form:(
αk
α†−k
)
=
(
uk −vk
−v¯−k u¯−k
)(
ck
c†−k
)
, (27)
where αk is a vector with elements αkξ, ξ = 1 . . .M ,
and ck is a vector with elements cki, i = 1 . . .M . The
condition that this map be unitary translates to
uku
†
k + vkv
†
k = u
†
kuk + v¯
†
−kv¯−k = 1, (28)
ukv¯
†
−k + vku¯
†
−k = u
†
kvk + v¯
†
−ku¯−k = 0. (29)
At a momentum k¯ = −k¯ that is equal to its opposite
up to a reciprocal lattice vector (there are 2D such mo-
menta), this implies[
1− (−1)M ]detuk¯ det vk¯ = 0. (30)
We can rewrite the ground state as a coherent state
of Cooper pairs. Comparing with Eqs. (6.36)-(6.62) of
Ref. 52, we find that the ground state is (up to a normal-
ization factor) given by
|Ω〉 ∝ exp
∑
kij
gkijc
†
kic
†
−kj
 |0〉 , gk = u−1k vk. (31)
2B. Majorana basis
We rewrite the fermionic creation and annihilation op-
erators in terms of Majorana operators as
cki =
1
2
(aki + ibki), c
†
ki =
1
2
(a−ki − ib−ki)
aki = cki + c
†
−ki, bki =
cki − c†−ki
i
.
(32)
We see that the Majorana operators satisfy
a2ki = b
2
ki = δk,−k,
{aki, aqj} = {aki, bqj} = {bki, bqj} ki 6=qj= 0.
(33)
The Hamiltonian in Eq. (19) becomes a bilinear in Ma-
jorana operators. We have
Ψki =
1√
2
(
cki
c†−ki
)
=
1
2
√
2
(
aki + ibki
aki − ibki
)
=
1√
2
(
1 +i
1 −i
)[
1
2
(
aki
bki
)]
≡ S Γki,
(34)
where S is the unitary matrix that transforms between
the particle-hole basis Ψki and the Majorana basis Γki.
Comparing with Eq. (19), we deduce that the Majorana
Hamiltonian is given by
HMk = S†HkS, (35)
and HM−k has negative-energy eigenstates(
−vMkξj
uMkξj
)
= S†
(
−vkξj
ukξj
)
=
1√
2
(
−vkξj + ukξj
ivkξj + iukξj
)
. (36)
The inverse transformation reads(
−vkξj
ukξj
)
= S
(
−vMkξj
uMkξj
)
=
1√
2
(
−vMkξj + iuMkξj
−vMkξj − iuMkξj
)
. (37)
The constraints in Eqs. (28), (29) become
uMk (u
M
k )
† + vMk (v
M
k )
† = (vMk )
†vMk + (v¯
M
−k)
†v¯M−k
= (uMk )
†uMk + (u¯
M
−k)
†u¯M−k = 1,
(38)
uMk (u¯
M
−k)
† + vMk (v¯
M
−k)
† = (vMk )
†uMk + (v¯
M
−k)
†u¯M−k
= (uMk )
†vMk + (u¯
M
−k)
†v¯M−k = 0.
(39)
We are now in a position to rewrite the many-body
ground state in the Majorana basis:
|Ω〉 ∝
∏
k,ξ
[∑
i
(
ukξicki − vkξic†−ki
)]
|0〉
∝
∏
k,ξ
[
1√
2
∑
i
(
uMkξibki − vMkξiaki
)] |0〉 . (40)
II. QUANTIZATION OF THE BERRY PHASE
We here derive the quantization of the Berry phase due
to particle-hole symmetry and a spectral gap. Take the
M dimensional occupied subspace of bands to be spanned
by the eigenstates |αkξ〉, ξ = 1 . . .M . These are related
to the states considered in Sec. I by
|αkξ〉 = αkξ |0〉 . (41)
The action of a particle-hole symmetry P with P 2 = 1 is
PHkP † = −H−k, which implies that
P |αkξ〉 =
M∑
ζ=1
Skξζ |α˜−kζ〉 , (42)
where |α˜kξ〉, ξ = 1 . . .M , denotes the set of eigenstates in
the empty subspace and Skξζ is a unitary sewing matrix.
The Berry connection is defined as
Akξζ = i〈αkξ|∇k|αkζ〉. (43)
Note that it is Hermitian, that is, it satisfies A¯kζξ =
Akξζ . The Berry phase is defined as
γk⊥ =
∫ pi
−pi
dk‖TrA‖k. (44)
Equation (42) implies that
Akξζ = Skξξ˜A˜
T
−kξ˜ζ˜S
†
kζ˜ζ
+ iSkξζ˜∇kS†kζ˜ζ , (45)
where summation over repeated indices is implicit, we
denote by the Berry connection of the states of the empty
subspace as A˜kξζ , and by γ˜k⊥ is its Berry phase. We
therefore have
γ˜k⊥ =
∫ pi
−pi
dk‖TrA˜‖k
=
∫ pi
−pi
dk‖TrA‖−k − i
∫ pi
−pi
dk‖Tr
(
S−k∇−kS†−k
)
=
∫ pi
−pi
dk‖TrA‖(k‖,−k⊥) + 2piν, ν ∈ Z
= γ−k⊥ mod 2pi,
(46)
where we recognized the definition of the winding num-
ber ν of the unitary matrix Sk in the second term of
the second line. Since the combination of occupied and
empty bands is necessarily trivial, we have the additional
constraint γk⊥ + γ˜k⊥ = 0. Note that this constraint
holds only in the convention where |αkξ〉 is periodic in the
Brillouin zone. See Sec. IV for a generalization to non-
periodic BdG states. Thus, at all momenta k¯⊥, where k¯⊥
is equal to −k¯⊥ upon the addition of reciprocal lattice
vectors, we obtain
γk¯⊥ = 0, pi, (47)
and the same for γ˜k¯⊥ .
3III. 1D p-WAVE SUPERCONDUCTOR:
MULTI-BAND CASE
We here extend the results derived for a single band in
the main text to an arbitrary number of bands.
A. Particle-hole basis
To generalize the Cooper pairing obstruction discussed
in the main text to M bands, which allow for non-nodal
order parameters such as that of an s-wave superconduc-
tor, we rewrite the Berry phase in terms of the 2M ×2M
BdG eigenstate matrix
Dk =
(
uk −vk
−v¯−k u¯−k
)
. (48)
The Berry phase is equal to half the winding number of
this unitary transformation,
γ =
i
2
∫
dkTr
[
D†k∂kDk
]
mod 2pi. (49)
Particle-hole symmetry implies
PDkP
† = D−k. (50)
Let detDk = e
−iλk . Since P is antiunitary, this implies
λ−k = −λk mod 2pi. (51)
At k¯ = 0, pi we have λk¯ = 0, pi. We then deduce
γ =
∫ pi
0
dk ∂kλk mod 2pi = λpi − λ0 mod 2pi. (52)
We now prove that γ = pi implies that the M×M matrix
uk has a zero eigenvalue at either k = 0 or k = pi. The
proof again proceeds by a reductio ad absurdum. With-
out loss of generality we take γ = pi to be realized by
λ0 = 0, λpi = pi, implying detD0 = 1 and detDpi = −1.
Let us assume that uk has no zero eigenvalues. It there-
fore has a well defined inverse, and we may reexpress
detDk as
detDk = detuk det
(
u¯−k − v¯−k 1
uk
vk
)
= det (uku¯−k) det
(
1− 1
u¯−k
v¯−k
1
uk
vk
)
= det (uku¯−k) det
(
1 +
1
u¯−k
v¯−kv¯
†
−k
1
u¯†−k
)
= det (uku¯−k) det
(
1
u¯−kuT−k
)
= 1 atk = 0, pi.
(53)
where in the third line we used that the constraint in
Eq. (29) implies
v†−k
1
u†−k
= − 1
u¯k
v¯k. (54)
This is however a contradiction with our earlier assertion
that detDpi = −1. We conclude that either u0 or upi
have at least one eigenvalue pinned to zero in systems
with γ = pi. This causes the Fourier transform gxy,ij of
the Cooper pair wavefunction gkij in Eq. (31) to have
at least one eigenmode of Cooper pairs which cannot be
exponentially bound together. For γ = 0 on the other
hand, the Cooper pairs coming from all M bands can
be instantiated with an exponentially decaying separa-
tion dependence. The case where both detD0 = −1 and
detDpi = −1, corresponding to γ = 0, can be trivialized
by a translational symmetry breaking perturbation such
as a density wave, which flips the sign of both determi-
nants.
B. Majorana basis
We here generalize our derivation of the Majorana
charge and polarization to an arbitrary number of bands.
For the moment, we discuss the more general case of D
dimensions. Taking the trace of the Majorana constraint
in Eq. (38), we obtain
Tr
[
uMk (u
M
k )
† + vMk (v
M
k )
†] = Tr [(uMk )†uMk + (u¯M−k)†u¯M−k] ,
Tr
[
vMk (v
M
k )
†] = Tr [(u¯M−k)†u¯M−k] ,
Tr
[
(vMk )
†vMk
]
= Tr
[
(uM−k)
†uM−k
]
.
(55)
We therefore find that∑
k
Tr
[
(vMk )
†vMk
]
=
MND
2
=
∑
k
Tr
[
(uM−k)
†uM−k
]
.
(56)
This implies that the total spectral weight carried by
Majoranas of a or b type is always equal, a property that
is not realized in other bases: In the particle-hole basis,
for example, the total spectral weight carried by holes is
zero in the case of a band insulator, and more generally
takes on non-quantized and non-universal values.
In 1D real space, we may use the Majorana Wannier
states |WMR,ξ〉 of band ξ and unit cell R to define the
Wannier functions
〈r, α, j|WMR,ξ〉 = WMRαξj(r) =
1
N
∑
k
e−ik(R−r)
(
−vMkξj
uMkξj
)
α
,
(57)
where α = 1, 2 labels the Majorana index and j = 1 . . .M
the sublattice index. We may then compute∑
rξj
W
M
0αξj(r)W
M
0αξj(r) =
1
N
∑
k
Tr
[(
vM†k v
M
k
uM†k u
M
k
)
α
]
=
M
2
.
(58)
4The total Wannier function support within a unit cell
therefore splits into equal contributions to Majoranas of
a and b type also in the multi-band case.
IV. CONSTRAINTS ON THE BERRY PHASE
FOR ARBITRARY ATOMIC POSITIONS
In the main text, and also so far in the Supplementary
Information, we have used a convention where the BdG
eigenfunctions ukξj and vkξj are periodic in the Brillouin
zone. By this, we in effect placed all atomic orbitals that
contribute to the quasiparticle spectrum at the origin of
the unit cell. In general however, the BdG Hamiltonian
is not periodic in the Brillouin zone, but rather satisfies
Hk+Gij = V (G)imHkmnV †(G)nj , (59)
with G a reciprocal lattice vector, and summation over
repeated indices implied. This unitary transformation is
determined by the atomic positions ri, i = 1 . . .M :
V (G)ij =
(
1 0
0 1
)
e−iG·riδij . (60)
This leads to the physically motivated gauge choice(
vk+Gξi
uk+Gξi
)
= V (G)ij
(
vkξj
ukξj
)
, (61)
which encapsulates information about the atomic posi-
tions in the boundary conditions of the BdG functions.
The quantization condition on the Berry phase, Eq. (47),
becomes modified in this convention. Crucially, the con-
straint γk⊥+ γ˜k⊥ = 0 does not hold anymore. We can see
this by noting that γk⊥+ γ˜k⊥ is insensitive to any kind of
gap closing between the occupied and empty subspace.
To calculate it conveniently, we may therefore use triv-
ial eigenstates equal to the Hilbert space basis vectors,
modulo phase factors stemming from the constraint (61).
We obtain
γk⊥ + γ˜k⊥ mod 2pi = 4pi
∑
i
r‖i mod 2pi, (62)
where r‖i is the ith atom’s coordinate along the direc-
tion corresponding to k‖ in Eq. (44). On the other hand,
the constraint in Eq. (46) due to particle-hole symme-
try is still valid (importantly, the matrix Sk used in its
derivation is always periodic in the Brillouin zone). At
high-symmetry momenta k¯⊥ = −k¯⊥, we have
γk¯⊥ mod pi = 2pi
∑
i
r‖i mod pi. (63)
Given the atomic positions ri, the occupied subspace
Berry phase therefore distinguishes between two distinct
classes: Either γk¯⊥ = 2pi
∑
i r‖i mod 2pi (the trivial
case), or γk¯⊥ = pi + 2pi
∑
i r‖i mod 2pi (the topologi-
cal case). For a one-dimensional system, this refines our
real-space picture in the Majorana basis. The 2M Ma-
jorana degrees of freedom originally stem from electrons
at the atomic positions ri, i = 1 . . .M . The Majorana
Wannier center becomes
xo −
∑
i
ri mod 1 =
{
0 trivial,
1
2 topological.
(64)
We thereby recover the generalization of the Majorana
polarization discussed in the main text.
V. REAL-SPACE PICTURE OF TOPOLOGICAL
INSULATORS
An insulator is described by a Bloch Hamiltonian of
the form in Eq. (17), with ∆kij = 0. Its ground state is
given by
|Ω〉 =
∏
k,ξ
(∑
i
ukξic
†
ki
)
|0〉 , (65)
where here the ukξi are the negative-energy eigenstates
of the single-particle Hamiltonian hkij . When evaluated
in the position basis, the ground state becomes a Slater
determinant of Bloch wavefunctions Ψkξi (r) = e
ikrukξi,
which can be interpreted as a matrix with rows labeled by
tuples (k, ξ) and columns labeled by tuples (r, i). Sim-
ilarly, we can span the occupied subspace by states la-
belled by real-space coordinates R. These are the Wan-
nier states created by the operators∑
r,i
WRξi (r)c
†
ri ≡
1
N
∑
k,i
e−ikRukξic
†
ki, (66)
where N is the number of momenta in the Brillouin zone.
In position space, the ground state is then a Slater de-
terminant of Wannier functions WRξi (r). This follows
from the fact that the Slater determinant structure of the
ground state is invariant under the Fourier transform op-
eration that takes Bloch functions to Wannier functions
(the Jacobian of the Fourier transform is unity). We can
write it in a basis-independent fashion:
|Ω〉 =
∏
R,ξ
∑
r,i
WRξi (r)c
†
ri
 |0〉 , (67)
We find that the ground state can be interpreted as a
collection of independent electrons that are instantiated
with a position dependence given by Wannier functions.
In particular, considering for simplicity the case of a sin-
gle band in one-dimension, we obtain the amplitudes
〈r1 . . . rN |Ω〉 ∝ A
[
W 1(r1)W
2(r2) . . .W
N (rN )
]
, (68)
where A[·] denotes an antisymmetrization over all posi-
tions r1 . . . rN (compare this with the superconducting
5version in particle-hole basis discussed in the main text).
Now, we can maximally localize the Wannier functions
WRξi (r) to arrive at the most local formulation of the
many-body ground state of an insulator. By definition, a
trivial insulator allows exponential localization, while in
a topological insulator the maximally-localized functions
still decay polynomially with distance as long as they are
required to retain the relevant symmetries. Importantly,
all one-dimensional insulators (absent spectral symme-
tries, which are difficult to realize in realistic systems) can
be described by exponentially localized Wannier func-
tions. This is in stark contrast to the one-dimensional
topological superconductor discussed in Sec. III: There,
the wavefunction which individual Cooper pairs are in-
stantiated in may at most decay polynomially with par-
ticle separation.
